The change of magnetoresistance in dependence on the strength of the magnetic induction is examined theoretically for several heterostructures taken as examples. Different temperatures of the examined samples, concentrations of the electron or hole carriers, and band structure properties are then involved. A general result is that a linear increase of magnetoresistance as a function of the magnetic induction should be obtained for all samples. This finds its counterpart in the behaviour of the experimental data. The ratios of the theoretical slopes of increase to the experimental ones range between 0.1 and 11, but the average ratio amounts to less than 1.8. 
Experimental Background and Basic Formulae
A typical experimental behaviour of magnetoresistance ρ of planar crystalline structures is mainly represented by two lines, that of ρ xy and that of ρ xx , plotted versus the strength of the magnetic field induction B [1, 2] . The field B is directed normally to the planar crystalline surfaces, say in direction z, and ρ xy and ρ xx increase rather systematically with the increase of B. If the quantum effects causing the line oscillations can be neglected, and this kind of oscillation damping is connected, especially for ρ xx , with not very low temperatures, both lines attain a straightlinear character; nevertheless, they can differ strongly in their slopes. For the most part of cases examined experimentally, the slope of ρ xy is larger than that of ρ xx [1] .
A characteristic point concerning the magnetic field dependence of the transport coefficients in metals is that the often cited semiclassical theory of Lifshitz, Azbel, and Kaganov [3] makes predictions which systematically are not confirmed by experiment [4 -6] . This difficulty can be avoided if the magnetotransport theory is based on two independent relaxation times referring separately to the action of the electric and magnetic field [7] . A list of the theoretical results obtained in this way for the transversal magnetoresistance in three-dimensional metals is compared with the experimental data in [7] .
The aim of the present paper is to apply the theory of [7] to the magnetoresistance effects in the planar two-dimensional structures, especially to the problem of the dependencies of ρ xy and ρ xx on B. It seems that the functions of B of the diagonal ρ xx were never approached numerically before. In the present paper we do such calculations for 27 planar heterostructures, and the obtained theoretical data are compared with the experiment. In the first step, it can be shown, by neglecting the quantum effects of magnetoresistance, that in fact a linear behaviour of both functions ρ xy and ρ xx in dependence on B should be obtained. In the next step, in course of more accurate calculations, the slopes of these dependencies can be estimated.
An appropriate tensor for the magnetoresistance should be combined of two tensors [7] : one of them is due to the action of the electric field alone and the other tensor is an effect of the presence of the magnetic field. Consequently, the relaxation times entering each of these two tensors are different: one τ = τ el represents solely the effect of the electric field, and the other τ = τ(B) is provided by the magnetic field. When both tensors are combined into one tensor, in the diagonal terms of this effective tensor the reciprocal values of τ el and τ(B) add together according to the Matthiessen rule: 1
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Here n s is the concentration of the electron carriers in a crystal plane,
and
is the circular frequency of the electron gyration upon the action of the magnetic field. It is convenient to represent (2) in the form:
A characteristic point is that the non-diagonal components of the second tensor in (2) enter unchanged the tensor ρ eff , so
.
Another characteristic point is that at B = 0 the component tensor ∆ρ in (2a) vanishes because
A result obtained before [7] was that ξ is a constant number independent of the field strength B. Therefore, because of (3) and (4), τ(B) should be inversely proportional to B. Evidently, because of (5), this gives a proportionality relation
which is a well-established experimental fact known as the Hall effect in three-dimensional structures, but in the planar structures, too. If we neglect the kinks on the experimental plots of ρ eff xy due to the quantum effects, the behaviour of (5) versus B is in practice strictly straight-linear. By expressing the resistance in h/e 2 units, each unit corresponding to 25.8 · 10 3 Ω, we obtain the slope equal to
on condition |ρ eff xy | is expressed in Ohm and B in Gauss; c.g.s. units are next applied for m, n s , and h. The first number on the right of (7) represents the electron gyration frequency (expressed in radians) due to the field intensity of B = 1 G:
A remarkable agreement of the theoretical results based on (7) with the experimental data for the planar structures has been demonstrated before; see Table 5 in [9] . Supplementary data are calculated in Table 1 of the present paper where the theoretical slope (7) is compared with the experimental one for twelve crystalline compounds [2, 10 -18] neglected in [9] .
An interesting property is represented by the ratio This result is obtained because for very large B, and for ξ as well as τ el equal to constant numbers, the ratio
makes the result of (9) equal to a constant ξ . In fact, for very large B, the ratio of experimental slopes of ρ eff xy and ρ eff xx tends -in numerous cases of crystal heterostructures -to a constant number. A quantummechanical ξ is equal to 1/2, a semi-classical approach gives ξ = π [7] , nevertheless some measurements presented in [1] for very high B lead to much larger ξ .
Experimental Approach to ξ ξ ξ from the Righi-Leduc Effect and the Kohler Slope
If, in a given transverse magnetic field, the angle ϕ of rotation of the equipotential lines (Hall effect) is equal to the angle of rotation of isothermals (RighiLeduc effect), we have [19] 
The ratio (11), which is a measure of the Hall angle ϕ, is called the Righi-Leduc coefficient. Experimentally, the ratio (11) has been examined for potassium as a function of B [6] . Because of (9) the result in (11) for ρ yx = ρ eff yx , ρ xx = ρ eff xx , and large B should be equal to ξ . This behaviour is presented in Figure 1 where the experimental data for (11) tend at large B to a quantum-mechanical value of
obtained in [7] .
In numerous experiments referring to the Kohler rule, the ratio
calculated in [7] is plotted versus the quantity
see [7] and [8] for (14) and [19 -21] for the experimental data. It is easy to show that this plot should lead to a straight line because the expression Fig. 1 . Experimentally obtained ξ from the Righi-Leduc effect for the metallic potassium, see (10) and [6] (black squares) is compared with a constant ξ calculated in (12) . The field strength B is given in Tesla.
is a constant number if ξ is a constant. This constant behaviour of (15) is to a large extent confirmed by the experimental data, for example, for Mg [19] . A universal character of ξ , for example its independence of the temperature, is here also confirmed. The experimental measurements on potassium [22] can be also used as an estimate of ξ .
Diagonal Magnetoresistance of Heterostructures
The diagonal magnetoresistance ρ xx of several heterostructures is calculated below in some detail. Various temperatures, carrier concentrations, and chemical compositions are taken into account. A general formula for the change of the resistance in effect of the presence of the magnetic field is
(cf. here also [7] ). The relaxation time τ el is a parameter entering the diagonal matrix element of the first tensor in (2):
on condition the electron mass m is replaced by an effective mass m eff . Evidently, ρ xx does not vanish at ∆ρ = 0 or at B = 0. For three-dimensional samples the size of ρ xx strongly depends on the temperature T , as it is reported by numerous experimental data; see e.g. [23] . For two-dimensional systems an insight into the temperature dependence of resistance is much less elaborated, nevertheless qualitatively it leads to an opposite behaviour than that obtained in three dimensions: the diagonal conductivity of the layers examined for a constant B increases with increase of T , at least when this increase begins with very small T [24] . Respectively, a decrease of T produces an increase of resistance [25] . In our calculations, the problem of the dependence of τ el and ρ xx on T is avoided since (16) can be transformed with the aid of (17) into
so
Expression (19) is a slope of the resistance change ∆ρ xx due to the change of B, as far as a linear dependence of ∆ρ xx on B is obtained. In fact, this behaviour is observed experimentally for the considered heterostructures, at least at some specific physical conditions; see example in Figure 2 and Table 2 for detailed data. The ratio between the effective electron mass m eff due to the band structure and the cyclotron mass m present in Ω 0 in (4) is a necessary correcting factor entering (19) : the calculations assume that the cyclotron mass does not differ much from the electron mass m. By applying the same units as in (7), the ratio (19) In the next sections, we compare the slopes obtained from (19a) with the experimental data; the quantummechanical value ξ = 1/2 [7] is put systematically in the calculations. Table 3 presents the problem of magnetoresistance due to the hole carriers. In principle, the calculations Table 2 . Theoretical and experimental slopes of the diagonal magnetoresistance plotted in dependence on B. The experimental change of resistance ∆ρ xx is given in kiloOhm and the induction interval is given in kiloGauss, the carrier concentration n s is expressed in 10 11 cm −2 . Theoretical data are obtained from (19a Table 1 c T = 4.15
can be based on a reasoning similar to that applied for the electron particles. In particular, this concerns the slopes of the diagonal magnetoresistance plotted versus B which are calculated according to (19a). A general view on the data given in Tables 2 and 3 indicates that the experimental and theoretical slopes of ∆ρ xx /B are not so much different quantities. The number of cases when the experimental slopes are larger than the theoretical ones is approximately equal to the number of opposite situations when the theoretical value predominates over its experimental counterpart. The ratios (20) of the theoretical slopes (19a) calculated in Table 2 and Table 3 to the experimental slopes are listed in Table 4 with the chemical composition of the examined heterostructures. The average value of the ratios (20) presented in Table 4 and originating from Table 2 is 1.8, a similar average of the ratios (20) coming from Table 3 is smaller than that obtained from Table 2 and amounts 1.2.
Discussion
For the carrier concentration which is, say n s = N s /cm 2 , and the magnetic length l B = 
In the next step, we have In effect, (21) becomes
in which ρ eff xy is expressed in terms of N s , N d , h, and e. But a similar situation exists for 
It seems that the size of the factor m eff /mξ entering (26) can be decisive for the behaviour of magnetoresistance in dependence on the sample temperature. For m eff /mξ 1, the resistance quanta (26) become much smaller than h/e 2 and are made more suitable for the temperature excitement. On the other hand, in case of m eff /mξ > 1 which is a situation met in α-(BEDT − TTF) 2 KHg(SCN) 4 [39] we have the expression in (26) larger than h/e 2 . Simultaneously, an experimental behaviour observed in the absence of the magnetic field indicates a systematic decrease of the diagonal resistance with decrease of the temperature [40] , similar to that observed for the threedimensional metals [23] .
Preliminary experimental and theoretical data for the constant ξ were discussed in [43, 44] .
Another experimental source of ξ for planar structures can be an examination of the width 2Γ of the Landau levels considered as a function of B. This width is coupled with the relaxation time τ(B) by the wellknown relation
where the second step is dictated by (3). In consequence of a constant behaviour of ξ , the width 2Γ becomes proportional to B; see (4) . This property has been already derived on an experimental basis [45] .
